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Abstract--The thermal field around a moving heat source in a solid with finite speed of heat propagation 
is studied analytically in this work. A thermal Mach number M defined as the ratio between the speed of 
the moving heat source and that of the heat propagation in the solid is introduced in the analysis. The 
resulting energy equation is found to be elliptic, parabolic, and hyperbolic in the subsonic (M< 1), transonic 
(M = 1), and supersonic (M > 1) ranges, respectively. Thermal shock wave is shown to exist in the physical 
domain as the speed of the moving heat source is equal to or faster than that of the heat propagation, and 
the thermal shock angle is obtained analytically as sin- 1 (I/M) for M t> 1. In the numerical examples, the 
evolution of the temperature and the heat flux distributions in the heat affected zone is present as a function 
of the thermal Mach number and a swinging phenomenon for the thermal field in transition is discussed. 

1. INTRODUCTION 

THE M~dT of the thermal wave model (or called hyper- 
bolic theory of heat conduction) lies in its description 
on the thermal disturbance propagating with a finite 
speed in the solid. In applying such a theory, a general 
feature is that a distinct thermal wave front exists in 
the physical domain which separates, in the absence 
of reflecting waves, the heat affected zone from the 
thermally undisturbed zone. This is a different situ- 
ation from that in the thermal diffusion model where 
the heat propagation speed is assumed to be infinite 
such that the existence of a thermal agent (including 
the boundary/initial conditions or heat sources) at 
infinity can be detected right after its application. 

The mathematical form of the hyperbolic thermal 
wave equation was first proposed in ref. [1]. Under 
the absence of the heat source, it can be written as 

V2T= (1/~)Tt+(1/C2)T, (1) 

where C and ~ are the finite speed of heat propagation 
and the thermal diffusivity of the solid, respectively. 
The importance of considering the wave nature in a 
heat transport process is evaluated by comparing the 
two coefficients 1/~ and 1/C 2 on the right-hand side 
of this equation. The criterion obtained in this manner 
is a function of intrinsic properties of the solid 
medium. Chester [2] established a critical frequency 
C2/~ (which is inversely proportional to the relaxation 
time) for thermal fluctuation above which heat trans- 
port proceeds by wave propagation rather than by 
diffusion. Later, Weymann [3] further identified the 
analogy between random walk and diffusion, and 
extended the study to the problems of mass diffusion 
and viscous shear motion. 

The wave phenomena represented by equation (1) 
have been investigated from various physical points 

of view. In summary, it includes the modification of 
thermodynamics for an irreversible process [4] and 
thermodynamics with fading memory [5], incorpor- 
ation of the kinetic theory of molecules [6, 7], and 
relativistic considerations for heat transport process 
[8, 9]. The limitations of the thermal diffusion model 
are also discussed in detail in these works. 

The mathematical structure of the governing equa- 
tions for the hyperbolic theory of heat conduction was 
also investigated [10]. It has been shown that a general 
flux formulation is more convenient to use than the 
standard temperature formulation for analysis in situ- 
ations involving specified heat flux conditions. In the 
one-dimensional case without heat source, unlike the 
thermal diffusion model, the field equations governing 
the heat flux and the temperature in the thermal wave 
model have the same mathematical form. 

Generally speaking, the thermal diffusion model is 
not appropriate to use under the situations involving 
very short time response, large temperature gradients, 
or low temperature circumstance. In engineering 
applications, these conditions have been examined via 
various initial and boundary value problems [11-14]. 
There is a class of problems dealing with impingement 
of a high intensity energy source on the surface of 
a structure which needs special consideration of the 
thermal wave model [15]. For this kind of problem, 
an extremely high temperature level is built up in the 
material continua adjacent to the energy source in a 
very short time duration. Due to localization of the 
energy source, such a response also develops large 
temperature gradients in the neighborhood. Con- 
sideration of the wave model in the heat transport 
process becomes even more important if some irre- 
versible physical processes, such as crack or void 
initiation in the solid, occurs in the radiant duration. 
Under the application of an energy source with 
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parameter used in the thermal wave 
equation, v/2o~ [m- ' ]  
speed of heat propagation in the solid 
[ms-11 
spatial distribution in the 
transformation on the dependent 
variables 
Green's function for the transformed 
equation of f 
thermal conductivity [W m ~ K -  1] 
thermal Mach number, v/C 
heat flux vector [W m -  2] 
intensity of the heat source [W m-1] 
transformation function for the 
independent variables [m] 
radial distance from the heat source [m] 
general heat source term [W m -  l] 
physical time [s] 
temperature [K] 
speed of the moving heat source [m s-  1]. 

Greek symbols 
thermal diffusivity [m2s 1] 

6 Dirac delta function 
0 angle in the polar coordinate system 

[deg] 

p mass density [kgm 3] 
q~ angle measured from negative ~ l-axis 

[deg]. 

Mathematical symbols, superscripts, and subscripts 
V 
V 2 

( ),, 
() ,  
~-) 

G 
A 

K~ 

qDq2 

r °, r~ 
rg 
xi 

0 M 

gradient operator [m 1] 
Laplacian operator [m-2] 
0/0~i, i = 1, 2 
&/&t 
dimensionless quantity 
heat capacity [kJ kg-  1 K -  1] 
Green's function used in the subsonic 
and supersonic cases 
modified Bessel function of the first kind 
of order n 
modified Bessel function of the second 
kind of order n 
heat flux components in the ¢~- and 
¢2-directions [W m -  2] 
radial position of the heat source [m] 
Green's function for the transonic case 
stationary coordinate system, 
i =  1, 2 [m] 
thermal shock angle [deg] 
moving coordinates with the heat source, 
i = 1, 2 [m]. 

sufficiently high intensity, the local defects could be 
initiated in a much shorter time interval than that 
required for the diffusion behavior to be retrieved, 
and the orientation of crack initiation, for example, 
must be predicted according to the thermal wave 
model. 

It is the intention of the present work to make a 
thorough study on the hyperbolic thermal field 
around a moving heat source. A thermal Mach num- 
ber M defined as the ratio between the speed of the 
moving heat source and that of the heat propagation 
in the solid is introduced in the formulation. The 
temperature distributions are obtained in closed form 
solutions in various ranges of M. In the subsonic 
range with M < 1, the emphasis is placed on the com- 
parison of the temperature and the heat flux distri- 
butions predicted by the thermal diffusion and the 
thermal wave models. While at the transonic and in 
the supersonic ranges with M = 1 and M >  1, respec- 
tively, we will show the formation of thermal shock 
waves and the evolution of the thermally undisturbed 
zone in the physical domain. The thermal shock angle 
is obtained as sin- 1 ( l /M)  for M i> 1. These are the 
salient features of the hyperbolic wave model which 
cannot be depicted by the diffusion model. Also, in 
transition of the thermal Mach number from the sub- 
sonic to the supersonic ranges, a swinging phenom- 
enon involving the variations of the temperature as 
well as the heat flux components is obtained and dis- 
cussed in detail. 

2. F O R M U L A T I O N  OF T H E  P R O B L E M  

As shown in Fig. 1, consider a point heat source 
with intensity Q moving at a constant speed v along 
the xl-axis. The dimensions of the solid are assumed 
to be large such that the edge effects on the local 
thermal field around the heat source can be neglected. 
It is well known that, however, the edge effects intro- 
duced through boundary conditions only influence 

/--- T l l l l t  

FIG. 1. Thermal waves emanating from a moving heat source 
and the coordinate system. 
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the intensity of the local field solutions while the 
characteristics of the solutions are not affected. The 
energy and the constitutive equations for the thermal 
wave propagating in the solid with a finite speed C 
can be written as 

- V ' q + S  = pC,  T, (2) 

(~/CE)q, + q = - -kVT.  (3) 

By assuming all the physical quantities being constant, 
we may eliminate the heat flux vector q from these 
equations and obtain a single equation governing the 
temperature T 

aV2T+(1/pCp)[S+(a/C2)St]  = (ct/C2),+ T ,  (4) 

Note that the apparent heat source term differs from 
the real heat source applied to the solid by a term of 
(~/ pc~c E)s,. 

For a point heat source with its position simulated 
by Dirac delta functions 

S(x l ,  x2, t) = QS(Xl - v t )6 (x2 ) .  (5) 

Equation (4) can be reduced to the form of 

c~V 2 T -  (a/C E) T ,  - T, = -- (Q/pC,)[6(xl  - vt) 

+(~/CE)6,(x l - -v t )]6(x2) .  (6) 

Since the heat source is assumed to be scanning on 
the solid at a constant speed, Galilei's transformation 

xl  = ~ l + v t  

x2 = ¢2 (7) 

can be applied, and the equation governing the quasi- 
stationary temperature field observed from the 
moving coordinate system ~ (i = 1, 2) can be derived 
by substituting equation (7) into equation (6) 

a[(1 - M E ) T , ,  + T,22] +2caT,,  = 

- (Q/pCp){5({Or(~E)- (M2/2c)6 ,1(~ l )6(~2)}  (8) 

where M is the thermal Mach number of the moving 
heat source with reference to the speed of heat propa- 
gation in the solid. Mathematically, M = v/C. The 
parameter c in equation (8) is defined as v/2a. 

The advantage of using equation (8) for the present 
study is quite obvious. The effects of the speed of the 
moving heat source and that of the heat propagation 
are concentrated on a single parameter M. The 
characteristics of the solution for equation (8) depend 
on the thermal Mach number. In the subsonic range 
with M < 1, the equation is elliptic. While at the 
transonic ( M =  1) and in the supersonic ranges 
(M > 1), the equation is transited to be parabolic and 
hyperbolic, respectively. This is a situation similar 
to the equation governing the aerodynamic velocity 
potential in a mixed type of flow field [18]. The heat 
flux vector q in the ~ccoordinates is related to the 
temperature T by the following equation : 

(M2/2c)q , l - -q  = kVT.  (9) 

As the speed of heat propagation in the solid 
approaches infinity, i.e. M approaches zero, equations 

(8) and (9) are reduced to those defined in the dif- 
fusion model. The solutions for T and q satisfying 
equations (8) and (9) in various ranges of M are 
nontrivial. Due to the presence of extra terms con- 
taining T,I and 6.1 in equation (8), the algorithm 
involved in the present analysis is more complicated 
than that in the classical theory of aerodynamics. In 
the following section, the energy equation (8) will be 
first transformed into a form for which the Green's 
function can be found. Both the dependent (T) and 
the independent (~,) variables are involved in the 
transformation which varies in the three ranges of M. 
Closed-form solutions for T in the subsonic, tran- 
sonic, and supersonic ranges are then followed by direct 
integrations. It is more explicit in this manner to dis- 
play the influences of the finite speed of heat propa- 
gation on the thermal field around the heat source. 

3. TEMPERATURE FIELD A N D  HEAT FLUX 
VECTOR 

Because equation (8) varies intrinsically as a func- 
tion of the thermal Mach number, the temperature 
field should be investigated individually for M < 1, 
M = 1, and M > 1. In all cases, the temperature and 
its gradient are assumed to vanish at infinity. 

3.1. Subsonic case; M < 1 
Let us first consider a transformation on the depen- 

dent variable from T(~i) to f(~i) 

T(~i) = e x p [ - c ~ l / ( 1 - g 2 ) ] f ( ~ ) ,  f o r M <  1. (10) 

By substituting equation (10) into equation (8), an 
equation governing f ( ~ J  can be found as 

(1 - - M 2 ) f , l  +f22 - [c2/( 1 -- M2)] f  = 

-- (Q/pCpa){6(~,)6(~2)- (M2/2c)6,  (~1)6(~2)}. (11) 

Further, by applying a successive transformation on 
the independent variables from ~, to r 

r = x / ( ~ / ( 1 - M 2 ) + ~ ) ,  f o r M < l  (12) 

which stretches a circle on the ~i-plane into an ellipse, 
equation (1 l) can be arranged in the form of 

f , ,  + I_ f r  -- [c2/( 1 -- M2) ] f  = 
r ' 

- (Q/pCpoOexp[c~l / ( l -M2)]5(~1)5(~1)  

+(QM2/ZcpCpa)exp[c~l/(1-M2)]61(~)5(~2) (13) 

where the independent variables ~i in the non-homo- 
geneous terms of the equation are temporarily 
retained for later use. The solution of equation (13) 
consists of two parts. One is the contribution from 
the real heat source applied to the solid, another is 
resulting from the effect of finite speed of heat propa- 
gation. For  both cases, the solutions can be found if 
the Green's function fg(rlr,) satisfying the equation 

fg,,, + ! L , , - [ c / / ( 1  - M 2 ) ] f g  = 6 ( r - r , )  (14) 
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is sought. Equation (14) is governed by a modified 
Bessel operator. The Green's function for this type of 
equation is well known [19] as 

1 
fdr lr , )  = ~Ko[c l r - r~ l / (1  - - M  2) ,/2] (15) 

where 

r~ = [q2/(1 -- M 2) + q2] i/2 

and the constant A comes from the Wronskian 

A 
Io(z)K'o(z) -- I'o(z)Ko(z) = (16) 

Z 

which is obviously equal to - 1. Equation (15) is the 
fundamental solution of equation (13). By noticing 
the integral properties of the Dirac delta function [1] 

f G[r(~,, ¢2) 1r°(~ °, ~°)]6(~°) 6(~ ° ) d~ ° d~ ° 

= G[r(~l, G)lr°(0, 0)] 

f G[r(~,, ~2) lr°(~ °, G°)]6, (¢o)6(~o) d~O d~O 

= - { ~ G [ r ( ~ l , ~ 2 ) l r ° ( ¢ ° , O ) ] } ¢  (17) 
0~0 

the solution of equation (13) for f ( r )  can be found by 
direct integration. This yields 

( 2 - M  2 
f (r (¢ , ) )  = (Q/paCp) ~2 0 ~ - 2 )  Kolcr/(1 - M z) ,/21 

M 2 ) 
2(1~-M2 ) Kl[cr/(1 - -M 2)'/2]~ (18) 

and the temperature T(~) in the subsonic range is 
thus obtained from equation (10) 

T(~,)/(Q/paC~) = exp [ -  c¢,/(1 - M 2)] 

f_ 2 - M 2  
x (2(1 - - M  z) Ko[cr/(1 - - M  2 ) 1/21 

} 2( I~-M2)  K ,[cr / (1 -M2)I /2]  , M < I .  (19) 

Note that as M ~  0, equation (19) is reduced to the 
expression in the diffusion model. The temperature 
gradients can be obtained immediately by taking 
differentiations on T(~) 

T,l/(Q/potCp) = exp [--c~,/(1--M2)] 

ffF M2c¢1 (2-- M2)c 212 
× ~ l l - - M ~  Ko[cr / ( l - -M ) / l  (Lzr(i-£~)~- - ] 

[ M2c (2--M2)c¢1 M2¢1 ] 
+L2(I~M2)2 2r(1--M2) 5/2 + 2rZ(1--M2)2j 

x KI [cr/(1 - - M  2) 1/21} (20) 

T2,/(Q/paCp) = exp [ -  c~,/(1 - M 2)] 

M2c~2 . 2 12 M2~2 

( 2 - M 2 ) c G  ] ,,, M2),/21}. 2r(l~V2JKl[Cr/t,- _ (21) 

They will be used later as we calculate the heat flux 
vector q. 

3.2. Supersonic case; M > 1 
As M > 1, equation (8) can be reduced to the 

following form : 

a[(M 2 -  1)T.11 - T,22]--2caT, = (Q/pCp) 

x {6(~,)6(~2)--(M2/2c)61(~,)6(~2)}.  (22) 

In this case, the transformations on the dependent 
(from T to f )  and independent (from ¢; to r) variables 
are taken to be 

T(~,) = exp [c~1/(M 2 -- 1)]f(~,), 

r = [ ¢ ~ / ( M 2 - 1 ) - - ¢ 2 ]  l:2, f o r M > l  (23) 

where a circle on the ~-plane is stretched into a branch 
of hyperbola. The corresponding equation governing 
the function o f f ( ~ )  becomes 

frr --~ ! f r  -- [c2/(M 2 -- 1)]f = (Q/pC.a) 

x exp [ -  C~l/(M z - 1)]6(¢ 06(¢2) - (QMZ/2cpCpa) 

x exp [--c¢1/(M 2 -  1)]~ 1(~1)~(~2) (24) 

and the Green's function in this case is 

]g(r[r,) = Ko[c lr -  r , t / (M 2 -- 1)I/2]. (25) 

By employing the same procedure as that used in the 
previous case, the temperature and its gradient can be 
obtained as 

T(~;)/(Q/paCp) = 

[ 2 - M  2 
-- exp [c~1/(M 2 -- 1)] ~2(M 5 ~ i) K°[cr/(M~ - 1)1/2] 

MR } 
2(M 2 -1 )K ' [ c r / (M 2-1) ' /2]  , M >  1 (26) 

T l/(Q/paCp) = exp [ C ~ l / ( M  2 - -  1)] 

[ [ M2c¢1 (2 -M2)  c-] 2 1/4 +  J;qc,/(M -1) 

M %  (2-M2)c~1 
+ 2(M 2 - 1) 2 + 2r(M 2 -- 1)5/2 

M2~1 ] ) 
2 r 2 ( ~  1)2J K1 [cr/(M ~ - 1)1/z]; (27) 
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T2/(Q/o~Cp) = exp [c4,/(M 2 -- 1)1 

x ~[- M2c42 1K rcr/tM 2 - D  '/21"[- M242 
[L2r(M 2_ 1)3/~j ot , ,  ' " L 2 ? ( M  2 - 1 )  

(2-M2)c42 ]K, tcr/(M2-l)"2l}. (28) 
2 r ( M  2 - 1)3/2 

Unlike the subsonic case, we first notice that the vari- 
able r defined in equation (23) restricts the applicable 
range of equations (26)-(28) to the domain satisfying 
the condition 

42/(M 2 -  1) > 4~. (29) 

The physical interpretation of equation (29) can be 
nicely made if we represent the condition in terms of 
the polar coordinate (R, 0) centered at the heat source, 
as shown in Fig. 4. The equivalent expression of equa- 
tion (29) is then 

[tan 0l < [1/(M 2 - 1)] 1/2 (30) 

or in a more familiar form 

0 < 0 < sin- ~ ( I /M)  ; 

for a heat source moving to the left (31) 

re -s in  - I  ( l / M )  < 0 < ~; 

for a heat source moving to the right (32) 

where the domain of 0 in the third and the fourth 
quadrant is omitted due to symmetry of the problem. 
Equation (32) is the one assumed in this analysis. The 
temperature field outside this domain stays undis- 
turbed as the heat source moves to the right with a 
supersonic speed. The oblique thermal shock wave 
coincides with the asymptotes of the hyperbola which 
inclines an angle sin ~ ( I /M)  with the negative Xl- or 
4/-axis. Obviously, the heat affected zone represented 
by equation (32) becomes narrower as the thermal 
Mach number increases. This is a similar situation to 
that which occurred in supersonic aerodynamics. 

3.3. Transonic case; M = 1 
As the heat source moves at the same speed as the 

heat propagation speed in the solid, equation (8) is 
degenerated into a parabolic equation 

T22 + 2cT, = -- (a/paC,) {5(~,)6(~ 2) 

-(M2/2c)6.,(4,)6(¢2)}. (33) 

The Green's function for this equation is standard 
and can be expressed as [20] 

Tg(4i[4 °) = [ -  1/(8rw),/z] 

xexp[-e(~2-¢°2)z/2[~l-~°l]/[l~l-¢°[] ~/2 04) 

where ~o, i = 1, 2 denote the location of the heat 
source. The temperature distribution and its deriva- 
tives in this case are 

T/(Q/ potCp) = [1/(8nc),/2] exp (c¢Z~/2~ ,) 

x [ 1 / ( - ~ 0 ' / 2 + ( c ~ + ~ , ) / 4 c ( - ~ , )  5/2] (35) 

T.,/(Q/pctCv) = [1/(8nc),/2] exp (c42/2~ 1) 

x [1/8c( - 4,) 7/2] {c(442 + 5422) + 341 

+ ( c ~ / ¢  0 [c(4~21 + ~2) + 4,1} 

T,2/(Q/po~Cp) = [ -  11(8~c)1/2] exp (c42/24,) 

x [42/4(4~) 7/21[c(4~t 2 + ~22) + 3~,1. (36) 

A singularity at 4 ~ = 0 exists in the solutions given by 
equations (34)-(36) the applicable range of which is 
restricted to the domain of 4 ~ < 0. This is a consistent 
result with that obtained in the supersonic case with 
M--* 1. The heat affected zone in this case is from 90 
to 180 deg, and a normal shock wave is persisting to 
the heat source as it moves to the right. 

The heat flux vector q with components q l and 
q2 in the ~i coordinate system can be obtained by 
integrating equation (9). The integral representations 
of the results are 

0 M 2 
{ql,q2} = k ~  e - ~ { T . l ( 4 , +  ~-c-c ~,42 ) ,  

where q~ and q2 are assumed to vanish at a distance 
far away from the heat source. With the temperature 
gradients obtained in various ranges of M, namely 
equations (20) and (21) for M < 1, equations (27) 
and (28) for M > 1, and equation (36) for M = 1, 
equation (37) can be integrated for q~ and q2 in the 
subsonic, supersonic, and transonic ranges. Although 
analytical forms of the solutions for q's are difficult 
to obtain due to complexity of the integrand, the 
integral involved in equation (37) obviously exists 
since all the functions vanish at a large value of ~. 

4. NUMERICAL EXAMPLES 

We will first present the temperature distributions 
along the circumference of a circle centered at the heat 
source. The radius of the circle is taken to be 10-4 m 
which is approximately the lower bound of continuum 
mechanics beyond which microscopic lattice structure 
of the medium can be neglected in the formulation. 
The material behavioral parameters are assumed to 
be those for aluminum alloys 

p_-_2.72x103kgm -3, k = 2 2 0 W m - l K  -z,  

Cp = 0.895 kJ kg-  ~ K -  ~ (38) 

and the speed of heat propagation C in the solid is 
taken as 20 m s-  ~. Under the present formulation, it 
should be noticed that the parametric value of C is 
absorbed in the thermal Mach number M in the field 
solutions. It only serves as a reference value for esti- 
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FIG. 2. Temperature distribution along the circumference of 
the continuum circle centered at the heat source--subsonic 

case, g < 1. 

mating the relative speed v of the moving heat source 
through the parameter c. 

Figure 2 shows the temperature distribution rep- 
resented by equation (19) for the subsonic case with 
M < 1. In comparing the curves with different values 
of M, we observe that the temperature level decreases 
as the value of M increases. At a fixed value of M, we 
notice that the temperature increases slowly as 0 is 
small. While as the trailing edge of the heat source is 
approaching, it tends to increase with a much higher 
rate and for all the cases under consideration, the 
temperature reaches its maximum at 0 = 180 deg. 
Also, we notice that as the heat source approaches the 
transonic stage ( M ~  1), the thermally undisturbed 
zone is gradually formed. This is reflected by the pre~- 
ence of a domain of 0 (starting from M = 0.3 approxi- 
mately) within which only a minor temperature 
increase is observed. Such a domain increases as the 
value of M increases. In tribology with high-speed 
friction load, the thermal Mach number can reach as 
high as 0.4-0.6 [21]. According to the temperature 
distributions shown in Fig. 2, significant deviations 
between the thermal diffusion and the thermal wave 
models are observed for M being in this range. 

As M = 1, the temperature distribution represented 
by equation (35) is shown in Fig. 3. A normal shock 
wave is formed in the physical domain. The thermal 
field in the domain of 0 < 0 < 90 deg stays un- 
disturbed as the heat sources move ahead. We observe 
that except for the singularity existing at the thermal 
shock wave, the temperature level in the heat affected 
zone continuously decreases in comparison with those 
in the subsonic range. The temperature distribution 
represented by equation (26) for the supersonic case 
is displayed in Fig. 4. Distinct shock waves are formed 
at 0 = 150, 168.46, and 172.82 deg for M = 2, 5, and 
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FiG. 3. Temperature distribution and shock wave formation 
at transonic stage, M = 1. 

8, respectively. The physical domain for the thermally 
undisturbed zone dramatically increases from 90 to 
150 deg as the thermal Mach number increases from 
1 to 2, but the rate of increasing gradually tapers off 
as the value of M further increases. By comparing 
these distributions, we notice that the temperature 
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FIG. 4. Formation of the oblique thermal shock wave and 
temperature distributions in the heat affected zone--super- 

sonic case, M > l. 
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FIG. 5. Distributions of the heat flux components qR and qo 

in the subsonic range. 

level continuously decreases as the value of M 
increases to 2. It then increases with the thermal Mach 
number as the value of M further increases. 

The distributions of the heat flux components qR 
and qo in various ranges of M are shown in Figs. 5- 
8. They are related to the components ofq~ and q2 by 

qR = q t c o s O + q 2 s i n O  and 

qo = - q l s i n O W q E C O S O .  (39) 

The lower bound oo appearing in the improper 
integral of equation (37) is approached by an integer 
parameter B such that the difference between the 
results of two successive integrations, with B and B -  1 
as the lower bounds, respectively, is less than 1% of 
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FIG. 6. Distributions of the heat flux components qR and qo 
at the transonic stage. 
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FIG. 7. Distributions of the heat flux components qR in the 
supersonic range. 

the current value. For all the values of M ranging from 
0.1 to 5 considered in the present study, the values for 
B to achieve such an accuracy are less than 10 by 
employing Simpson's rule. All the physical trends 
existing in the temperature field are preserved in the 
distributions of qR and qo. Due to presence of the 
thermal shock waves at the transonic stage, qo switches 
to be positive in the vicinity of the shock wave singu- 
larity, as shown by Fig. 6. In the supersonic ranges 
with M > 1, as shown by Fig. 7, qo stays positive in 
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FIG. 8. Distributions of the heat flux components qo in the 
supersonic range. 
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the entire domain of the heat affected zone due to the 
strong influence of the shock wave singularity. Also, 
the swinging phenomenon can be clearly observed in 
Figs. 7 and 8. The value of M beyond which the 
heat flux increases with the thermal Mach number is 
approximately equal to 3. 

5. D ISCUSSION 

Several salient features existing in the hyperbolic 
theory of heat conduction with a moving heat source 
have been investigated. It includes, for example, the 
formation of the thermal shock wave and the therm- 
ally undisturbed zone in the physical domain as the 
speed of the moving heat source exceeds that of the 
heat propagation in the solid (M/> 1). Most import- 
antly, a swinging phenomenon seems to exist for the 
variations of temperature level around the heat source 
vs the thermal Mach number. Referring to Figs. 2 and 
4, we notice that in the subsonic range with M < 1, 
the temperature level in the neighborhood of the mov- 
ing heat source decreases as the thermal Mach number 
increases. While entering the supersonic range with 
M > 2 approximately, the temperature level in the 
heat affected zone starts to increase with the thermal 
Mach number. The physical reason for such a vari- 
ation in the subsonic range is understandable. For 
M < 1, which means either the speed of the moving 
heat source is low or the speed of heat propagation 
in the solid is high, the material continua in the vicinity 
of the heat source do not have sufficient time to 
respond to the appropriate temperature level before 
the heat source moves ahead, and consequently the 
temperature level nearby decreases as the thermal 
Mach number increases. In the supersonic range with 
M ~> 1, however, the thermal energy tends to accumu- 
late along a preferred direction at 0M = sin- ~ ( l /M) 
which results in the formation of the thermal shock 
and the temperature nearby approaches infinity. As 
the thermal Mach number increases, referring to equa- 
tion (32), the physical domain of the heat affected 
zone bounded by the thermal shock waves reduces 
and the effects of the temperature singularity at the 
thermal shock wave essentially promotes the tem- 
perature level in the heat affected zone. For the present 
problem, such an effect is activated for the thermal 
Mach number being in the threshold of 2 and there- 
after. 

An immediate application of the present analysis is 
the prediction of the failure modes around the moving 
heat source [22]. As a result of the thermal Mach 
number appearing in the energy equation for the ther- 
mal wave model, the regular equation governing the 
thermoelastic displacement potential • is modified to 
the following form : 

M2~,~ _2c~1 = efl[~o(~i) + T] (40) 

with e being the coefficient of thermal expansion, fl a 
function of the Poisson's ratio, ~0 a function of ~i 
resulting from the apparent heat source, and T the 

temperature in the subsonic, transonic and supersonic 
ranges, respectively. The characteristic of this equa- 
tion is identical to that of equation (9) governing the 
heat flux q. But the resulting thermal stresses involving 
various orders of spatial differentiations on ~ are 
much more complicated than the solution for q rep- 
resented by equation (37). In the case that M 
approaches zero, equation (40) is reduced to the ordi- 
nary representation employing the thermal diffusion 
model. The modified term is led by M 2 which appears 
as the highest order differential in the modified equa- 
tion. Mathematically, a dramatic change in the 
characteristics of the solution for ~, and hence for the 
thermal stress field, is expected. The limiting case with 
M approaching infinity (M ~ oo) is interesting to 
note. According to equation (32), the heat affected 
zone in this case is confined to a narrow band at 0 = 0 
and the thermal energy tends to be accumulated at the 
trailing edge of the moving heat source. The thermal 
stress due to such a great amount of energy accumu- 
lation also approaches a large value and the resulting 
material failure consequently occurs at the trailing 
edge of the moving heat source. This is an expected 
result based on our experience but it cannot be 
depicted by the thermal diffusion model. According 
to the classical theory of thermal diffusion, the tem- 
perature around a moving heat source continuously 
decreases as the speed of the moving heat source 
increases. Under the limiting case with M--, ~ ,  the 
temperature around the moving heat source reduces 
to the reference value (room temperature) and no 
material failure could be observed except underneath 
the heat source. 

Apparently, consideration of the thermal wave 
model for the problems with singularities is necessary. 
This includes the presence of a discontinuous thermal 
loading imposed on the medium, a macrocrack exist- 
ing in the solid, or the interfacial area between dis- 
similar materials. The rate change of temperature or 
temperature gradient in these regions is usually high 
and the deviations between the thermal diffusion and 
the thermal wave models will be significant. 
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FORMATION D'ONDE DE CHOC AUTOUR D'UNE SOURCE DE CHALEUR MOBILE 
DANS UN SOLIDE AVEC VITESSE FINIE DE PROPAGATION DE LA CHALEUR 

Rbsumr---On 6tudie analytiquement le champ thermique autour d'une source de chaleur mobile dans un 
solide avec vitesse finie de propagation de la chaleur. Un nombre de Mach thermique M drfini comme le 
rapport entre la vitesse de la source thermique et celle de la propagation dans le solide est introduit dans 
l'analyse. L'~quation de l'rnergie est elliptique, parabolique ou hyperbolique respectivement dans le 
domaine subsonique (M < 1), transonique (M = 1) et supersonique (M > 1). L'onde de choc thermique 
existe dans le domaine physique lorsque la vitesse de la source de chaleur est ~gale ou suprrieure ~t celle de 
la propagation de la chaleur, et l'angle du choc thermique est ~gal A sin- ~ (I/M) pour M >/1. Pour les 
exemples num~riques traitrs, l 'rvolution de temprrature et de flux thermique dans les zones affect~es par 
la chaleur est pr~sentre en fonction du nombre de Mach thermique et on discute un phrnom~ne d'agitation 

du champ thermique en transition. 

DIE BILDUNG EINER THERMISCHEN STOSSWELLE UM EINE IN EINEM 
FESTKORPER BEWEGTE W.~RMEQUELLE BEI ENDLICHER 

AUSBREITUNGSGESCHWINDIGKEIT DER W,~RME 

Z u s a m m e n f a s s u n g - - I m  Vordergrund der Arbeit steht die analytische Untersuchung des Temperaturfeldes 
um eine bewegte W/irmequelle in einem Festkrrper bei endlicher Ausbreitungsgeschwindigkeit der W/irme. 
Dabei wird eine thermische Mach-Zahl (M) definiert, die sich aus dem Verh/iltnis der Bewegungs- 
geschwindigkeit der W/irmequelle und der Ausbreitungsgeschwindigkeit der W/irme ergibt. Die Energie- 
gleichung, ist im Unterschallbereich (M < 1) eUiptisch, bei Schallgeschwindigkeit (M = 1) parabolisch 
und im Uberschallbereich (M > 1) hyperbolisch. Ist die Geschwindigkeit der W/irmequelle grrBer oder 
gleich der Ausbreitungsgeschwindigkeit der freigesetzten W/irme, so zeigt sich eine thermische Stogwelle, 
deren Winkel analytisch mit arcsin (1/M) berechnet werden kann. Anhand yon numerischen Beispielen 
wird die Entwicklung der Temperatur- und W/irmestromverteilung in der von der W/irmequelle beeinfluBten 
Zone als Funktion der thermischen Mach-Zahl dargestellt. Das Schwingverhalten des transienten ther- 

mischen Feldes wird errrtert. 

O B P A 3 O B A H H E  Y ~ A P H b I X  BOJIH BOKPVF ]IBI4)KYRIEFOCIt HCTOtIHHKA TErIJIA B 
TBEP}IOM TEJIE C KOHEqHOI;I CKOPOCTbIO PACIIPOCTPAHEHH~I TEIIJIA 

Ammyramm--AHa.maTl~eegH HCCJIeJIyeTCH TCnnOBOC n o ~ e  oKoao ~IBmgyLuerocs HcTOqHHKa Ten.qa B 
TBCp2IOM TeJle c KOHetlHOI~ cEopOCTblO pacnpocTpaHeHHs Teaaa.  B aHaJlH3e HcnoJlb3yeTC~I TeILTIOBOe 
a n c a o  M a x a  M,  OllpCJleB$1OMO¢ gag  OTHOUleHHe cKopocTeI~ nepeMeIlieHH! TeanoBoro  HCTOqHHKa H pacn-  
pocTpaneHH~i TellJ1a B TBcp~oM TCJIe. HaiglleHO, qTO no21yqeHHOC ypaBHeFIHe coxpaHeHHa 3HeprHH XBJI- 
$1CTC$I COOTBeTCTBCHHO 3JIJIHnTHq~I~IIV[, n a p a 6 o a x a e c ~ M  u runep6oaHaecXnM B ~ a n a 3 o n a x  
Jlo3sy~oBoii  ( M  < 1), O~OaO3ByxOsOfi (M = 1) n cBCpxaByKOBOfi (M > 1) cKopocre~.  IIoKaaaHo, a t e  Ten- 
71OBaH y~IpHaR BO21Ha CylRc~'rBycT B ~H3nqecgoi~ OIUIaCTH, T.K. cKopocTh llBIL~yIReroc~l HCTOqHHKa Telula 
paBHa HJIH npeB~l l laeT Cl[opocrb pacnpocrpaHeHnR TeiLqa, TaKx¢ ROB~IeHO aHaJiHTHqecgoe BbIpaXeHHe 
y r a a  H a ~ O H a  y ~ a p n o i i  nOaHOfi s i n -  t ( I / M )  npn  M t> 1. B , m c a e n m ~  n p m ~ e p a x  pa3BHTHe pacnpe~leae-  
HH~ TCMIICpaTypld H TCIIJIOBOFO nOTOga B 3OHe, nO~BepXeHHOt~ TCILIIOBOMy BO3~(e~CTBHIO, npCHCTaB- 
a c h e  gag dpyHKllllg TCHJIOBOrO qHcJIa M a x a ;  o6cyTdlaeTca gB2ICHHe KazlaHH$1 ~TIJl c ~ y ~ a a  TenJIoBoro no2t$1 

B IIepcxo~tIOM COCTORHHH. 


